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Abstract

In this manuscript, we have used quintic B-spline functions to get the numerical solutions of the Korteweg-De
Vries (KdV) equation, which is a nonlinear equation. The functions and their derivatives have been approximated
using the quintic B-spline function. By using the Thomas algorithm, we obtained the weighting coefficients of
the differential quadrature method, and the SSP-RK43 scheme has been used to solve differential equations.
The test problem has been solved numerically to demonstrate the effectiveness and accuracy of the method.
Numerical solutions have been presented in tables and illustrated graphically.
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Introduction

Consider the Korteweg-de Vries (KdV) equation
Vi+eVWV,+uv,,,=0 (1.2)
here and are real constants. The KdV equation was
introduced by Korteweg and de Vries in 1895, which is
a nonlinear partial differential equation. This equation
was used to describe many physical phenomena such as
shallow water waves?, beam propagation?, bubble-liquid
mixtures?, ion-acoustic waves®, fluid mechanics®, and other
areas.
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The KdV equation has become a very popular research
topic due to its many applications and occurrences in the
real world. To obtain the solutions to the KdV equation,
many researchers have used various techniques. The
numerical solutions of the KdV equation were discussed
by Muhammad and Dambaru’ using a modified Bernstein
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polynomial scheme. Abbas and Igbal® proposed the cubic
B-spline method for the numerical solutions of the KdV
equation. In order to solve the KdV equation, Dereli and
Dag® presented the radial basis function. Dag ° studied
the KdV equation by using the Taylor—Galerkin finite
element method. The Least-squares method was used
by Jacques and Arnaud! to find the numerical solutions
of the KdV equation. Gamze and Nurcan'? investigated
the numerical solutions of the KdV equation using the
Iterative splitting method. Hao 3 studied the KdV equation
by using the Galerkin method. The variational iteration
method was used by Mustafa'# to solve the KdV equation.
Kong *° solved the KdV equation using a hybrid numerical
scheme. Ozis and Ozer'® explored the numerical solutions
of the KdV equation using the Iterative scheme. The cosine
expansion-based differential quadrature method was
proposed by Saka'” to study the KdV equation. Seadawy'8
investigated the KdV equation by using the variational
approximation method. Shen®® solved the KdV equation
by the meshless method. A modified tanh—coth method
was proposed by Wazzan?® to study the KdV equation.
Zhang and Ping?! used the implicit sixth-order compact
finite difference scheme for the numerical solutions of the
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KdV equation. Ozer and Kutluay?? solved the equation by
using the analytical-numerical method. Mishra 23 proposed
a new quadrature method to examine the behaviour of
the KdV equation.

Spline functions are widely utilized to solve initial and
boundary value problems. The differential quadrature
method was first introduced by Bellman?* for solving
partial differential equations. The quintic B-spline method
was used by Mittal and Arora?” for the numerical solutions
of the Kuramoto—Sivashinsky equation. Zaki?® used this
method to solve the Korteweg de—Vries Burgers’ equation.
Dag and korkmaz?’ solved the advection-diffusion
equations by quartic and quintic B-splines scheme.
Saka %2 solved the regularized long wave equation by a
quintic B-spline technique. Mittal and Dahiya®® used this
method for solving Fisher-Kolmogorov equations. The
KdVB equation was solved by Bashan 3° using the quintic
B-splines method.

The main purpose of this article is to find the numerical
solutions to the kdv equation. The five-banded Thomas
algorithm has been used to find the weighting coefficients.
The derivative of an unknown function is expanded to
obtain a system of ordinary differential equations. The
system of ordinary differential equations has been solved
using the SSP-RK43 scheme. This paper is divided into
the following sections: In Section 2, the Quintic B-spline
functions have been reproduced. The values of derivatives
at the nodes have been obtained in this section. We have
also explained the implementation of the method to the
KdV equation in this section. In Section 3, the method has
been applied to the numerical problem. The findings of
the paper have been summarized in Section 4.

Quintic B-spline function

The domain ¢ < z < d is discretized into a mesh of
uniform length d = z;,; — z, by the nodes z; where j=0, 1,

2, .., Msuchthatc=12,<2,%, .., 2, <z} =d. Let S (2)
be the quintic B-spline function with the nodes at points
7. The quintic B-spline basis function at nodes, given by*

z € [Zp-3,Zn-2)

Z € (243, 2y-1)

Z € [Zn-1,2y)

7 € [z, 741) @

(2 = 2,-3)%,

(2= 2,-3)° = 6(2 — 2,)°,

(2 = 23-3)° = 6(2 = 2,2)° + 15(2 = 2,-1)°,
S1(2) = 3 Gnvs = 20° = 6z = 2)° +15Cnss = 2°,

(Znss = 2)° = 6(2ns2 — 2)°, Z € [Zy+1, Zna2)

(Zuss — 2)%, Z € [Zn+2) Zn43)

0 otherwise.

here n=-1,0,1,..., M+ 1,M +2 and {S_1, So, ---, Sprs2}
forms a basis over the region ¢ <z < d.

Each quintic B-spline encloses six nodes, so that total of
six quintic B-spline encloses one node. The nonzero values
of and the first four derivatives at given node points are
summarized in Table 1. With respect to the variable , the
approximation to derivatives of is

V(z,t) =38, POV(ze), j=12....M (22)
here denotes the first order partial derivatives

weighting coefficients with respect to z. Shu’s recurrence
formula3? is used to determine the higher order derivatives.

(w—1)

W) _ . rp() pw-1) _ Pk :
f}k = W[}j'k Ii.}. Zj_Zk], for j+k (2.3)
Lk=12,..M, w=23.,M-1
P,-E-W) = = Yke1ke] P_r'.l(cW)’ for j=k (2.4)

The partial derivatives weighting coefficients of order
(w — 1) and (w) in the direction of the z-axis are indicated

here by the Pjiw_l) and Pﬂ(cw) . Substitution of each quintic
B-spline function into the differential quadrature method
equation (2.2) for a fixed gives

95, (2;) 1

# = Yken-2 %;E )Sn(zk)J

n=-1,0,.., M+2andj=1, 2,..., M

(2.5)

Table 1: and its derivatives on nodes.

Z Zn-3 Zn—2 Zn-1 Zn Zn+1 Zn+2 Zn+3
S,(z) © 1 26 66 26 1 0
Sn(2) 0 5/d 50/d 0 -50/d 5/d 0
Sy (2) 0 20/d? 40/d? —120/d? 40/d? 20/d? 0
Sy'(2) 0 60/d -120/d? 0 120/d? —60/d3 0
S (2) 0 120/d* —480/d* 720/d* —480/d* 120/d* 0
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Now, we can rewrite the linear system (2.5) in the matrix notation for any z; in the interval [c, d| as given below:
[S_1-3 S-1-2 S-1-1 S-10 S-11

SU,*Z SO,*] SO,U 50,1 50,2
XC =1,
Sutrm-1 Smiim Smtim+1 Smiim+z  Sm+im+3
SM+2,M SM+2,M+1 SM+2,M+2 SM+2,M+3 SM+2,M+4—-
3S_,(z;) 8So(z)) as (z) as (z)
— T _ 1\eg ol=j M+1\4j M+zla] T
here S; , denotes S;(zx ), C; = [P;—3, Pj—2,, Pjp+3, Piysa) andip; = o T T, ]

There are N+8 unknowns and N+4 equations in the linear equation system. The number of equations and unknowns
is equalized by adding four more equations to the system:

a25_
S—ltzj) = Yk—3 P'J(cl)s—l(zk)r
%5,
ﬂ Ek*—z P-;(cl)so(zk),
a2
SMH(ZJ) ¥+1§f—1 ij(cl)sMﬂ(Zk)J

—‘"’ D = B B Susa()
)'l ’

FlnaIIy, the number of unknowns and equations are equalized and in the form of R; X C; = 1),, here
[S_1-3 S—1-2 S-1-1 S-10 S-11
Li-s Shy—p Sy SLio Siis
So—2 So-1  Soo  Soa So,2

1 ! 1 1 1
0,-2 0,—-1 0,0 0,1 0,2

SM+1.M—1 SM+1,M SM+1.M+1 SM+1,M+2 SM+1,M+3
1 1 r 1 r
M+1M-1 M+1.M M+1,M+1 M+1,M+2 M+1,M+3

SM+2,M SM+2,M+1 SM+2,M+2 SM+2,M+3 SM+2,M+4—
i ' i i I
M+2.M M+2.M+1 M+2.M+2 M+2M+3 M+2.M+4-

1 1 1 1
€= [P;(—)y Pj,(—?zl PJ(M)+3’ P,r(M)+4-]T

" as_l(z) PSa(z) Bu(z) FSo(z)  Wun() PSwn() wilz) asm(zj)r
2_[ az2 ! Az Azz T az ! az2 ! Az ]

We eliminated 1:;(1)3' P(ll, ﬂ(:i)ﬂ, Pj(;,)ﬂ and used the derivatives and values of the quintic B-spline at the nodes to

obtain a 5-band matrix of the form R, X C, = 5, which is a system of linear equations. here

37 82 21
8§ 33 18 1
1 26 66 26 1

26 66 26 1

R, = 1
1 26 66 26 1
1 18 33 8
21 82 37

Y3 =41, 4o, s Anr1 Azl here



14] Anisha et.al., International Journal of Convergence in Healthcare, July-December, 2024, Vol. 04, No. 02

1

A1(z) = —=[-550(z) + dSP) (z) + 40S{" (7)) + 8dSS” ()],

an
1
do(%) = [555" (7)) — dS§7 (7)),
Xe(z) =S (z), for k=23,..,M—1,M,

1
Aer(Z) = = [5851,(z) + dSiz), (2)],

1
Asa(z) = - [40S), (z) — 8dS\7), () — 5S511,(2) — dSigr, (2],

The penta-diagonal Thomas algorithm is used to

solve the linear system R, X C, = ;. We obtain the
approximate partial derivatives of the first order by solving

: 1 p@ )
and putting the values of Pj.,_l, P;',o ) ey Pj,M+1' PJT.,M,Jrz in

equation (2.2). For the approximation of higher order

partial derivatives and to determine P}.IEZ), Pﬂ(f), PHE;'), we
used Shu’s recurrence formula.

By substituting the derivatives approximate values

with respect to z in equation (1.1), we yield the following
system:

dv(zt)
= eV Y P Ve(zi ) — n T, B V(2 0). (2.6)

This system of ordinary differential equations, which
provides numerical solutions at different time levels, is
solved by using the SSP-RK43 scheme, which is a time
stepping and stability preserving method.

Result and Discussion

The accuracy of the proposed method has been
demonstrated by applying it to a single soliton equation.
We have computed Maximum absolute error norm as
follows:

Lo =NV — W oo™ max|ViEE — (V)|

Consider the KdV equation with the exact solution
stated as follows:

V(z,t) = 3Msech?(Pz— Qt + L),

where 3M and &M indicate amplitude and velocity

(3.1)

respectively. We have taken P:%(gM/.u)lfz and

Q= %EM (eM /1)*/2. The initial condition is obtained from
the exact solution for the numerical solution of soliton at
time as
V(z,0) = 3Msech?(Pz+ L), (3.2)
and the boundary conditions are defined as follows:
V(0,t) =V(2,t) =0 for
For the numerical solution, we use &=1,

p=0.000484, M = 0.3, and L. = —6. The error norm
has been calculated at various time levels and is shown
in Table 2. The numerical results at various time levels
with various values of z have been displayed in Table 3

t=0.

and represented graphically in Figures 1-3 at t = 0.5, 1.5,
and 2.5. We can see that as time increases the single
soliton moves towards the right. We found that the quintic
B-spline differential quadrature method is giving better
results. The ability to retain their original sizes and forms
is one of the characteristics of soliton waves.

Table 2: Maximum absolute errors at various time

levels
t Le,
0.5 4.672x 1074
1.0 1.363x 107*
1.5 1.882x 1073
2.0 2.821x 1073
2.5 2.311x 1073
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Table 3: Numerical solutions of single soliton at various time levels

t=0.5

t=1

t=15

t=2

t=25

0.2
0.4
0.6
0.8
1.0
1.2
14
1.6
1.8

1.674x 107°
6.748% 1075
5.471x 1074
8.935x 1073
9.808% 1078
3.589%x 1078
3.087x 1077
2.193x 107°
2.475x 1077

2.017x 1075
2.615x 1075
1.702x 107*
6.669x 1074
4.878% 1075
8.289x 1078
9.376x 1078
1.341x 1078
1.541x 1078

2.711x 1075
2.064% 1075
1.557x 1075
7.018% 1074
2.092x 1073
2.069% 107°
6.445x 1078
6.563x 1078
5.053x 107°

2.815x 1075
1.871x 107°
8.637x 1076
3.972x 1073
2.102x 1073
1.301x 1073
7.891x 107°
3.119x 1078
7.571x 107°

2.738x 1075
1.761x 107°
8.734x 1076
3.152x 107°
6.661x 1074
1.924x 1073
3.435x 1073
2.619x 107°
1.905x 1077
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Figure 1. Simulation of single soliton at time t = 0.5
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Figure 2. Simulation of single soliton at time t = 1.5
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Figure 3. Simulation of single soliton at time t = 2.5
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